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Outline

Learn how to reason formally!

Topics:
e Propositional and predicate logics
e Typed lambda calculi
e Curry-Howard isomorphism
e Inductive definitions



Part I: Propositional Logic

Propositional logic
e Propositions (formulas / declarative sentences)
e Sequents (judgements)
e Inference rules and axioms

How to prove ?
e Hilbert presentation
e Natural deduction
e Natural deduction in sequent style
e Sequent claculus

Properties of a proof system
e Soundness
e Completeness
e Consistency



Propositional language

A propositional language L contains

e aset of atomic sentences:
{p.q.r, ...}

e aset of operators for putting them together:

and A (arity 2)
or V (arity 2)
implies — (arity 2)
hot = (arity 1)
falsity 1 (arity 0)




Proof-based view of logic

Given a set of "assumptions” (or premises), we
want to prove a “conclusion”:

' Al wherelT = A A,,.. A,

This is called a "sequent”

The game of “logic” is o design a very small set
of rules (and axioms) to do the "reasoning”.

A proof is a syntactic demonstration that a
conclusion follows from a set of premises.



Proof-based view of logic

Some of the most common systems:

e Hilbert-Frege presentations

- Pros: concise and small set of axioms and rules; good
for proving meta-properties about the logic

. Cons: axioms don't match intuition; hard to build proof

e Natural deduction

- No axioms; only inference rules that match well our
intuition about each logic operator

e Natural deduction in sequent style
- Assumption discharge is made more explicit

e Sequent calculus
- All inference rules satisfy subformula properties.



Hilbert-Frege presentations

Under Hilbert-Frege, the propositional classic /Iczg/'c can be
characterized using the following axioms and inference

rule:

Three axioms:

Axl A — (B— A)
Ax2 (A—-B—-0))—-(A—=B)—=(A—=0)

Ax3 (-A—-B)—(B— A

One inference rule (a.k.a. modus ponens) :

MP A A—B
B




Hilbert-Frege presentations

The operators A, Vv, and L are derived forms:
ANB = —(A— —-B)
AVB = -A—-B
1L = -(A— A)

A proof of the sequent I" - A (i.e., showing A
from the premises I') is a finite sequence of
fpmwulas ending with A such that each formula is
either

e one of the axioms, or
e amember of T, or
e derivable from previous formulas using MP



Hilbert-Frege presentations

Hilbert-Frege proof for 0+ —-q — (q — p)

1. -9 — (-p — —q) Ax1
2. (-p——9)—(q—p) Ax3
3. (((-p—=—q9)—>(@—p)—

(—=q — ((=p — —q) = (9 — p))) Axl
4. -q—=((-p — —q) = (9 = p)) MP 2.3
5. (=9 = ((=p — —q) — (9 — p))) —

(=g = (=p = —q)) = (=9 — (9 — p))) Ax2
6. (-q— (-p——q))— (=9 —(q —p)) MP 45
/7. —=q — (q — p) MP 1,6

Problems: the axioms don't match our intuition about — and
— --- proofs are harder to find.



Natural deduction

Invented by 6. Gentzen in 1934. No axioms, only rules of
inference.

At each stage of a proof, can introduce any formula as
hypothesis (which can be discharged later by other rules).




Natural deduction

A B, ANB pe; ANB ne,
A B
AV B : :
C @
A : B -
AvB'tT AvB"? C Ve
A
—J:q—ui A J__IA_'e
1
no intro rule for L A L€



Natural deduction

The previous set of rules define "propositional
infuitionistic logic”

With the following rule, it becomes
“propositional classic logic”

_I_IA 171

A

This allows you to "prove by contradiction”




Natural deduction

Natural deduction proof for 0+ —-q — (9 — p)

1. —g Assumption
2. q Assumption
3. L -e 1,2

4. p le 3

B. q—p —i 2-4

6. —q— (q—p) —i 1-5



Natural deduction in sequent style

Goal: to make discharging of assumptions
clear

Deal with "sequents” at each step

A proof is a tree, whose root is the
sequent being proved and whose leaves
are "basic sequents” of the form:

AFA



Natural deduction in sequent style

(A ARB . AN B AN B
rAFAARB N r-a °c1 r-n 2
A, rFAVB ANAFC OBRC Ve
rAvpB ! LAOSOKC
=B
FrcAvV B 2
LAFLB r-A AFA—B_
rA — B LAFB ’
rLAFL TFA AF—-A_
r-—A AR L
r=L .
Nno intro for _L ' A



Natural deduction in sequent style

A few variations:

e More general form of basic sequents:

LA A
e Replace rules w. more than one premise by:

A TTEB .
[ FANDB

e Add rule of monotonicity: = A
I . BFHA




Properties of propositional logic

Question: how do we tell whether the set of inference
rules really match what we want?

What is the "semantics” of propositional logic?

e Define the set of truth values: t and f
e Give the meanings of A,V,—,—,L.

The semantic relationship between a set of assumptions
and a conclusion:

A

For any truth-value assignment to atomic formulas in " and
A, if each fﬁrmula in T computes to "t", then A computes
to "t" as well.



Semantics of propositional logic

A propositional Ianguage L is a pair (P,O)
consisting of a countable set P of atomic
sentences together with a set O of operators
(each operator comes with an arity).

A valuation system for a propositional language L
is a triple (M, D, F) where

e M is aset with at least two elements, the set of
truth values

eDisa non-emp’r% proper subset of M, the set of
designated truth values

o F=(f,.fo2.fo) is aset of functions, one for each
operator in O:fol,oz,...,on} such that fo : MM
(Where n is the arify of o). We say f, interprets o.



Semantics of propositional logic

An assignment a under a valuation system
(M,DF) for a language L=(P,0) is a function

a: P—-M
Each assignment a for a valuation system (M,D,F)

induces an interpretation v, given by:

o v(p)=a(p) forpeP

e v (o(A ,...,An(} = f,(v,(A)),..V,(A,)) where n is the
arity of o and f, interprets M

An interpretation is a valuation system plus an
assignment.



Semantics of propositional logic

Classical propositional logic:

M = {t, f}

D ={t}

F={f.f,.f, f..f.} where
f,rf f|tf fQtf £ f
Pl f ottt ot |t f o t|f  |f
fiff f|tf f |+ t f]|t




Important properties

A presentation |- is sound with respect to a
semantics £ if forallTand A,ifT - A,

then T F A.

A presentation |- is complete with respect to a
semantics E if forallTand A, if T E A,

then T F A.

Given a presentation -, a set of formulas T is

inconsistent iff for some formula A, we have
bothT - Aand I - —A.

A presentation |- is n?a‘rion consistent if there
is no A such that ) - A.and 0 - -A.



Important properties

A presentation |- is absolute consistent if there
exists an A such that 0 ¥ A.

For classic/intuitive logics, negation consistency
and absolute consistency are equivalent.

Given a presentation -, a set of formulas I is
complete if for every closed formula A, either I’
~Aor ' —A.

[This is not same as "complete w. r. t. a semantics F".]

Inconsistent logics are always completel But
they are useless!



Part IT: Lambda Calculus

Lambda calculus (untyped)

e Syntax
e [-conversion; normal form
e Church-Rosser; infinite reduction (fixpoint)

Simply typed lambda calculus (Church-style)
e Typing rules
e Strong hormalization
e Subject reduction

Curry-Horward isomorphism



Lambda calculus

Invented by Church in 1932.
It is as powerful as Turing machine.

Syntax:

e = x| Aixe |ee,

Basis for many functional languages
(Scheme, Lisp, ML, Haskell)



Lambda calculus

Syntactic sugar:

ee..e, = (..((eee,)..e,)
AXq..X,. e = AX.(AX5.(... (Ax,.e)...))

Free and bound variables: a variable x is bound in
e iff it is in the scope of an occurrence of Ax in
e, otherwise it is free in e.

Bound variables can be renamed via a-conversion

AX. e =, Ay. [y/x]e ify ¢ FV(e)



Free variables

The set of free variables in e, denoted as
FV(e) is defined as:

FV(x) = {x};
FV(ee,) = FV(e;) U FV(e,):
FV(ix.e) = FV(e) - {x}.

e is a closed A-term if FV(e) = 0.



Substitutions

The substitution [e'/x]e is defined as:
[e/x]x = ¢
[e/x]y =y
[e'/x] (eqe,) = ([e/x]e;)([e/x]e,)
[e'/x] (\x.e)) = AX.e
[e'/x] (Ly.eq) = Ly.e if xg FV(e,).
[e'/x] (Ly.e;) = Ly.[e'/x]e, if xeFV(e)) & yzFV(e).

[e'/x] (Ly.e)) = Az.[e'/x][z/yle; if xeFV(e,) &
yeFV(e').




B reduction

A B-redex is a term of form (Ax.e)e’. The result
[e'/x]e is called its contractum

B-reduction: (Ax.e)e’ —;[e/x]e

If e;— e, then ee;— ee,, and ee—; e,e,
and Ax.e; —4 AX.e,.

We write e — e ife —rg . g e

=; is The equivalence relation induced from —»;



Normal form

A A-term e is a B-normal form if it does
not have any -redex as subexpression.

A term e has a B-normal form if for some

e (1)e=ge’ (2)e'is ap-normal form.

Some A-terms do not have any normal
form:

(AX.XX)(AX.XX) — g ?



Some properties for lambda calculus

If e has a normal form, then this is the
only one it will have (up to =)

The B-reduction satisfies the so-called

Church-Rosser property: if e—; e, and
e—»g5 e, then there exists e; such than

e;—» e3 and e,— 5 e;

A term e is called strongly normalizing
iff all reduction sequences starting with e
terminate.



Simply typed lambda calculus

Motivation: can we put some restrictions on the
“syntax” of A-terms so that non-normalizing
terms such as (Ax.xx)(Ax.xx) can be ruled out.

We are primarily interested in Church-style
“simply typed A-calculus” (invented around 1940).

Syntax of A—-Church

(Type) A e p A1—> AZ

(term) e = AX:Ae | ee,

I
X




Simply typed lambda calculus

Type environment: Fa= - | T xA

Typing rules: 'HFe: A meaning under
environment I', e is well-typed and has type A.

x . AFx i A (base)

. x: Ale : B _
[FXxz:Ae: A — B

|_|—€22A A|—€1:A—>B
Il ' AlFejes | B

> €




Simply typed lambda calculus

Another variation:

[ Fx: A if(z,A) el

[.x:AFe . B
rExe Ae: A— B

[Fern: A T'HFey i A— B o
[ Feien ! B {

Erase the terms, we get the "implicational
fragment” of the propositional intuitionistic logic




Some important properties

Subject reduction (—, preserves typing) :
if e»;e and I'FetA then T'He"A.
Unique typing: if T -e:A, T Fe:A" then A= A’

S‘rr'onq nor'mallzaﬂon if T e:A, thene is
strongly normalizing.

Limitation: some perfectly fine terms
(Ax. x)(Ax. x) is ho longer supported.

Challenge: how to make the type system less
constrdining so that we can accept more terms.



The Curry-Howard correspondence

Curry 1956: ‘r¥pes-of-combina’rors / axioms in Hilbert-
presentations

Howard 1969: lambda calculus / natural deduction
(published in 1980

One-to-one correspondence between typed A-calculus and
propositional logic:

e terms s, proofs

e types VS. propositions

e functiontype —  vs. logic operator —

e typingrules vs. inference rules (natural deduction

in'sequent style)

The correspondence extends to all operators: A, v, —, L,
...... (and classic logic)



Propositional intuitionistic logic

[FA AFB .. (FAAB [FAAB
rAFAARB N r—a 1 -5 2
rT=A IFAV B AAFHFC OBFRC Ve
rFAv B ! LAOFC
=B
FrFAV B " ~°
LAFLB r-A AFA—B_
A — B LAFB ’
rLAFL TFA AF—-A_
Fr——-A AR L
r=L .
NnNo intro for _L M'—=A



A variation

basic sequent: M A if Acl
r-A [1Mr=B . ' AN B ' AN B
Fr-AA LN r—a ¢t -5 2
r—A r—AvB LAEC TLBEC
r—Av g 7't r=C <
CT=B
r—Av B °°
r.ArLG . rTEA TTHEA > B
r— A — 3 r— 3 f
r.AE L . rEA TeE—=A
r-—.A I —_L
e B
No intro for _L I —.A



Extended typed lambda calculus

Syntax of A—-Church-Extended:

(fype) A =

(tferm) e :

P | L A= Ay | -A

| AN A | ALV A,

x | MxAe |ee,

rex:A.e | throw(e,,e,) |cast(e)
(er.ez) | my(e) | ma(e)

inj(e) | inj,(e)

case(e, X;.e, X,.€,)



Extended typed lambda calculus

With more familiar notations:

(type) A == p |void| A, — A, | A cont
| A Az | A*A;

(term) e = x | Ax:Ae |ee,

rex:A.e | throw(e,,e,) |cast(e)
(er.e;) | fst(e) | snd(e)
inj(e) | inj,(e)

case(e, X;.eq, X,.e,)




Selected typing rules

type environment: I =:= | x: A

basic sequent: [bax: Aif (,A) el

Fe1tA Thex!B . ke AAB ., [hEe:AAB ,o
+(eq1,e0) i ANB [+m1(e) i A [+7o(e) : B

[Fe: A
~inji(e) : AV B

[ Fe: B
[Finjo(e) : AV B

Viq

Vi

[Fe: AVB [,z1:AFe;:C T,z20:BFes: CVe
[ +case(e, z1.e1,20.e0) : C




Selected typing rules

[.z:AFB [Feo: A TFej:A— B "
TFiz:Ae. A= B [Fejes: B ’
[\z:AFe: L |_|—€22A |_|—€1:—|A_Ie
TFAz: Ae: A [Fthrow(ey, er) : L
[Fe: L

no intro for L [Fcast(e) : At



Part ITITI: Predicate Logic

» Predicate logic

e Definition of predicate languages

e Predicate symbols; terms; variables;
quantifiers

e Natural deduction rules (also rules in
sequent style)

e Semantics of predicate logic

» Curry-Howard isomorphism

e Typed lambda calculus revisited



Propositional language revisited

A propositional language L = (P,0) :
e Pis aset of atomic sentences:
{p.q,r, . .}

e O is aset of operators for putting them together:

and A (arity 2)
or V (arity 2)
implies — (arity 2)
hot = (arity 1)
falsity 1 (arity 0)




Predicate languages

Problem with propositional logic: it really didn't
talk about any real-life entities.

What we need to add:

e domains: int, real, ...

e constants: 1, 3, 10, ...

e variables: x,vy, ..

e functions: +, -, *, —, ..
e predicates: <, ..

e formulas: x<y+l, .

e quantifiers: V, 3



Predicate vocabulary

A predicate vocabulary consists of three
sefts:

e A set of predicate symbols P.
e A set of function symbols F.
e A set of constant symbols C.

Each symbol comes with an arity.

Terms consist of (1) variables, (2)
constants from C, and (3) if f(t,,15,...1,)
where feF, and t;,t,,....t, are also terms



Predicate languages: terms

Write down its grammar:

(tferms) 1 = x | ¢ | f(f,,...1,)
where x is a variable, ceC, & feF has arity n.

We often merge C and F by treating all
constants as O-arity functions.

So a predicate vacabulary is just a pair
(F. 7’5)



Predicate languages: formulas

The set of formulas over (F,P) consists
of the following:

o P(t,1,,..,1,) wherePcP,and t,,..,T,are
terms over F, and the arity of P is n (n>1).

e | isaformula.
o If Aisa formula, then so is —A.

e If A, and A, are formulas, then so are
(ANAL), (AVA), (Ai—A,).

e If Aisa formula, x is a variable, then so
are (Vx.A) and (Ix.A).



Predicate languages

A summary:
(terms) t = x| f(ty,..t,) where feF
(formulas) A ::=P(t;,..t) | L | -A

| ANA, | AVA, | ASA,

| Vx.A | 3x.A where PeP

e Notice in ¥x.A and 3x.A, we didn't specify a
“"domain” for x --- this is not very general !l




Natural deduction

The natural-deduction rules for predicate logic is same as
those for propositional logic.

At each stage of a proof, can introduce any formula as
hypothesis (which can be discharged later by other rules).




Natural deduction

A B, ANB pe; ANB ne,
A B
AV B : :
C @
A : B -
AvB'tT AvB"? C Ve
A
—J:q—ui A J__IA_'e
1
no intro rule for L A L€



Natural deduction

New rules for the two quantifiers:

y .
A(y) ’ Ve A(z)
V. A(x) A(t)
y A(y)
Jx. A(x) :
A(t) 3i =t 3
Jx. A(x) B S

Note: In Vi and Je, variable y doesn't occur free outside the box



Natural deduction in sequent style

basic sequent: M A if Acl
r-A [1Mr=B . ' AN B ' AN B
Fr-AA LN r—a ¢t -5 2
r—A r—AvB LAEC TLBEC
r—Av g 7't r=C <
r=B
r—Av B °°
r.ArLG . rTEA TTHEA > B
r— A — 3 r— 3 §
r.AE L . rEA TeE—=A
r-—A I —_L
e B

No intro for _L A



Natural deduction in sequent style

el TRt (1<i<n) fe€F fhasarityn

i T f(t1,....tn)
Cyt-A(y) o [EVz. A(z) TRt y
F-ve.A(z) C-A(t) ©

-t THA() 5 32 A(x) T,y A(y)FB .
MF3z. A(x) Nz e




Extended typed A-calculus revisited

Let's review A—-Church-Extended:

(type) Au=p | L |A =5 A, | A
| ALAA | ALV A,

(term) e = x | Ax:Ae |ee,

rex:A.e | throw(e,,e,) |cast(e)
(er.ez) | my(e) | ma(e)

inj(e) | inj,(e)

case(e, X;.e, X,.€,)




Extended typed A-calculus modified

Let's construct APred-Church-Extended:

(Type) A e P(Tl,...,Tn) | J_ |A1% Az
| -A |AAA, | A VA, | VXA | Ix.A

(exp) e = z | AziAe |espe,
rcz:A.e | throw(e,.e,) |cast(e)

(erez) | mye) | my(e)
inj,(e) | inj,(e) | case(e, z,.e, Z,.e,)

ax.e | e[t] | pack(t, e:A(t))
open e, as (x, z) ine,

(ferm) + = x | f(ty..t,)



Selected typing rules

type environment: I' ::1= - |,z A| T,z

basic sequent: [Fz:Aif (z,A) € Dom(IN)

Fe1tA Thex!B o The:AAB o, IhEe:AAB ,q,
r|—(€1,€2) cANB |_|—7T1(€) A |_|—7T2(€) - B

[Fe: A
~inji(e) : AV B

[Fe: B
~injo(e) : AV B

Vi

Vi

[Fe1: AVDB [I,z1:AFeq: C r,ZQZBFGQZCV
[ +case(e, z1.€1,20.e0) : C

e



Selected typing rules

[.z:AFB o ITFes: A They: A— B o
[FAz:Ae: A— B [Feqes: B ’
r,ZZA|—€ZJ_ _ |—|—622A |—|—61:—IA_|e
TEAZ:Ae: A " MHthrow(eq,en) @ L
[Fe: |

no intro for L [+ cast(e) : A€



Selected typing rules

Here are the typing rules for terms, V and 3

cerr Tt (1<i<n) f€F f hasarityn

M- T f(ty,....tn)
Faobe: A(z) i (e :Va.A(x) I_I—tv
[FAz.e: Vo.A(z) Ce[t] : A(t) ©

Mt he: A(t)
[ +pack(t,e: A(t)) : Jx. A(:z:)

(e :dw.A(z) Ty, z:A(y)bFes: BEI
[~open eq as (y,z) ines>: B ©




Definition of predicate languages

A predicate lang. L is a tuple (P, 7,V,0,Q) where

e Pisasetof predicate symbols, each associated
with a non-negative integer (its arity).

e Tis aset of ferms (constructed using variables
from V and function symbols from 7).

e Vis aset of variables.

e (O isaset of operators (e.q., L, =, A, V, =), each
with a specified arity.

e Qs aset of quantifiers (e.g.,V, 3)



Semantics of predicate logic

A valuation system for a predicate
language L is a tuple (M, D, F, G) where

e M is a set with at least two elements and D
is a non-empty proper subset of M.

e F=(f,.f,z...f,) is a set of functions, one
for each operator in O={0,,0,,...,0,}, such
that f, : M"—M (where n is the arity of o).
We say f, interprets o.

e G is a set of functions from 2M to M, one
corresponding to each quantifier in Q. The
function g, corresponds to the quantifier g



Semantics of predicate logic

Predicate language for classical first-order
logic: O={A,V,—,—, 1}and Q = {V, 3}.

The following valuation system for this gives
classical logic:

e M={t f} and D = {t}

e Fis defined as in the propositional case
e G={g, 95} where
gX) = f if feX g:(X) = tif + € X
g.(X) =t otherwise g-(X)=f otherwise




Semantics of predicate logic

An assignment under a valuation system

gM,D,F, ) for a language L=(P,7,V,0,Q) is a pair
a, I) where a is a function and I is a hon-empty
set such that:

e If tcTthen a(t) is an element of I.
e If xcV then a(x)<lI.

e If P€P has arity n then a(PP) is a function from the
set I" to the set M (i.e., a(P) : In—M)

Essen‘rial]lLy, for each feFwith arity n, a(f) is a
function from the set I" to the set I
(i.e., a(f): I"—1I)



Semantics of predicate logic

Each assignment (a,I) induces an
Inferpretation v,

e If peP has arity nand t,, ..., 1,€T then
Vo(p(t1,... 1)) = a(p)(a(ty)...a(t,)).

oV (0(Aq,....A)) = f(Vo(A1),..Vo(A,)) where n is
the arity ot o.

ev (gx A)=
9, {vg(A) | a'=a[x—i] forallicI})

An interpretation is a valuation system
plus an assignment.



Models [Huth & Ryan]

Let F be a set of function symbols and P
a set of predicate symbols, each symbol
with a fixed number of required
arguments. A model M of the ]Eair (F,P)
consists of the following set of data:

e A non-empty set I, the universe of
concrete values

e For each f € Fwith n arguments a concrete
function fM:I" — I from I", the set of n-
tuples over A, to A; and

e For each P € P with n arguments a subset
PM C I" of n-tuples over A.



Environment [Huth & Ryan]

An environment | is a mapping from every
variable x (in V) to a value [(x) of I.

Given a model M for a pair (F, P) and given an
environment |, we can build the assignment (a,I)
and a correponding interpretation v..

From v,, we can define a semantic entailment
relation T FY A,

We writeI'E A if I’ FYa A is true for all (a,I)
(or for all (M, I))



Important properties

A presentation |- is sound with respect to a
semantics £ if forallTand A,ifT - A,

then T F A.

A presentation |- is complete with respect to a
semantics E if forallTand A, if T E A,

then T F A.

Given a presentation -, a set of formulas T is

inconsistent iff for some formula A, we have
bothT - Aand I - —A.

A presentation |- is n?a‘rion consistent if there
is no A such that ) - A.and 0 - -A.



Important properties

A presentation |- is absolute consistent if there
exists an A such that 0 ¥ A.

For classic/intuitive logics, negation consistency
and absolute consistency are equivalent.

Given a presentation -, a set of formulas I is
complete if for every closed formula A, either I’
~Aor ' —A.

[This is not same as "complete w. r. t. a semantics F".]

Inconsistent logics are always completel But
they are useless!



Part IV: Logic vs. Typed Lambda Calculi

Propositional logic (15" order, 2"d order, ... higher-order)
Typed A-calculi  (A—, System F, F,)

Predicate logic (15t order, 2"d order, ... higher-order)
Many-sorted predicate logic

Dependently typed A-calculi



Propositional languages

A propositional language L = (P,0) :

e Pisasetof atomic sentences:

{p.q.r, ..

-}

e O is aset of operators for putting them together:

ard A (arity 2)
or \/ (arity 2)
implies — (arity 2)
not = (arity 1)
falsity 1 (arity 0)




First-order propositional logic

Natural deduction rules:

A
B
. A A—- B |
A B! B &
1
no intro rule for L A L€



First-order propositional logic

Natural deduction rules in sequent style:

basic sequent: [FAIT AecTl

hAFB . THEA THA—SB_
FA— B rFB ’
CEL

no intro for L FEA-+C



Simply typed lambda calculus

Syntax for the simply typed A calculus:

(type) A ==p | L [A = A

(term) e = x | Ax:Ae |ee,
| cast(e)



Typing rules for simply typed A-calculus

type environment: [N 1= |z : A

basic sequent: [Fx: Aif (2, A) el

[lx:AFe: B CITFex A I’I—el:A—>B_>e
FXxz:Ae:A— B [Feies: B
[Fe: |

no intro for L [ +cast(e) : Ate



Second order propositional language

We add universal quantification over atomic sentences:

(props) A = p | L |A = A,
| Vp.A

p

A(:p) Vp.A(p) A’

vp.A(p) ' A(A")

Ye



Polymorphically typed lambda calculus
Syntax of system F (a.k.a., 2"d order
polymorphically typed A calculus):

(type) A = p | L |A[— A, | VpA

(term) e 1= x | Ax:Ae | e,
| cast(e)
| Ap.e | e(A)



Polymorphically typed lambda calculus

No need for | as it can be represented as vp.p

Syntax of system F:

(Type) A g p | AI% AZ | \V/pA

(term) e = x | Ax:Ae |ese,
| Ap.e | e(A)



Typing rules for system F

type environment: I ©i= - |,z A |l
basic sequents: (a2 (x) [Epifpel
FA TFB pEA
FA— B FFVp.A
[\ x:AFe: B IThFex A I_I—el:A—>B_>e
Fiz:Ac A= B [Feie>: B
Cphe:A [Fe:Vp.A I‘I—A’

[=Ap.e: ‘v’pA (e [A] : [A’/p]A




System F with kind annotations

We can make up a "kind" for all types

(kind) K = O

(type) A = p | A;— A, | VpiK A

(term) e 1= x | Ax:Ae | e,
| Ap:Ke | e(A)



System F with kind annotations

type environment: I ;= - |[[a:A|lN,p: K

basic sequents: M2 (x) FEp:T(p)ifpel

[FA:Q THFB:Q p:KFA:S2

[FA — B :Q [[FVp: K.A:Q

[\ x:AFe: B [Fest A I_I—el:A—>B_>e
Fiz:Ac: A— B [Feies: B

|_7p KkFke: A I_I—e:Vp:K.A F[FA - K

Ve

[FAp:K.e:Vp: KA’ e [A]: [A/p]lA




A variant: splitting the environment

Kind environment: A = - |Ap: K

type environment: I := - |[,x: A

basic sequents:

AFA:. Q2 AFB:S
AFA B

%

AFp: A(p)

A;TEz: T ()

Ap. KHA:Q

AFVp. K.A:

A:T.z:AFB
N FEde Ae: A 5 B

A p.K;TFe: A vi
A TFAp.K.e: Vp: KA

A TFers: A A lTlFe1:A— B

A;l'Fejer: B

A TFe:Vp: KA AFRA K

A The [A]

: [A/p] A

—¢€




Higher-order propositional language

We can also add higher-order predicates:

(pr‘op—kind) K = Pr'Op | KI%KZ
(props) A == p | A= A,
| Vp:K.A | Ap:KA | A(A))

p. K

A(:p) Vp: K. A(p) A': K

Ve

Vo K.A(p) " A(A



Higher-order polymorphic A-calculus
Add type-functions to system F, we get F

(kind) K := Q&Z

(type) A = p | A;— A, | VpiKA
| Ap:K.A | Ay(A))

(term) e 1= x | Ax:Ae | e,
| Ap:Ke | e(A)



Typing rules for F,
type environment: I' := - |,z A|lNp: K

basic sequents: Mo T (x) FEp:T(p)ifpel

[FA:Q TFEB:Q [p: KEFA:Q

[FA — B: Q2 [ FVp. K.A: L

[p. KiFA: K> [FA: Ki—K>, I'FB:K;y
I‘I—)\p:Kl.A:Kl—>K2 I‘I—A(B):Kz

[\ x:AFe: B [Feo: A [TFey: A— B .
Fiz Ac:A— B [Feies: B ~

Fp:Kke: A Fe:Vp: K.A I’I—A’:KVe

[FAp:K.e:Vp: KAY -e[A] : [A'/plA




First-order predicate languages

A simplified version:

(terms) t = x| f(ty,..t,) where feF

(formulas) A :=P(t,,..1,) | L | A=A,
| Vx.A where PeP




Natural deduction

New rules for the two quantifiers:

y .
A(y) ’ Ve A(z)
V. A(x) A(t)
y A(y)
Jx. A(x) :
A(t) 3i =t 3
Jx. A(x) B S

Note: In Vi and Je, variable y doesn't occur free outside the box



Natural deduction in sequent style

el TRt (1<i<n) fe€F fhasarityn

i T f(t1,....tn)
Cyt-A(y) o [EVz. A(z) TRt y
F-ve.A(z) C-A(t) ©

-t THA() 5 32 A(x) T,y A(y)FB .
MF3z. A(x) Nz e




Minimized APred

A minimized version of APred:

(type) A = P(ty,..t) | L
| A, — A, | Vx.A

(exp) e =z | Az:Ae |epe,
| cast(e) | Ax.e | e[t]
(term) t = x | f(+...1,)



Higher-order predicate languages

(tm-types) T ::=Int | Bool | T,—T,
(terms) 1= x| f(t,...1,) where feF
| ATt | t,(t,)

(prop-kind) K ::= Prop | K;—K,

(formulas) A = P(t,,..t,) | A\—A,
| VX:T.A where PcP
| p|Vp:KA | Ap:KA | Al(A))

(prf-terms) e = z | Az:Ae |ee, | x:Te |e(t)
| Ap:Ke | e(A)



Predicate languages simplified

We'll add bagk function and predicate symbols via
inductive definitions later:

(tm-kind) U = Set

(tm-types) Tz o | T;—T,

(terms) T

x| Tt | ty(1,)

(prop-kind) K ::

Prop | K;—K, | TIx:T.K

(formulas) A :

pl A=A | AXT.A | A()
| Vx:T.A| p|Vp:KA | ApiKA | Ai(Ay)

(prf-terms) e = z | Az:Ae |ee, | Ax:Te | e(t)

| ap:Ke | e(A)



Predicate lang w. polymorphic terms

(tm-kind) U := Set | U—U,

(tm-types) T:i= a | T,—T, | VauU.T | 2aiU.T | T(T,)

(terms) o= x| ATt | 1y(t,) | LUt | 1(T)
(prop-kind) K := Prop | K—K, | TIx:T.K

(formulas) A= p| A=A, | WTA | A1)
| Vvx:T.A| p|Vp:KA | Ap:KA | Al(A,)

(prf-terms) e = z | Az:Ae |ee, | x:Te |e(t)
| Ap:Ke |e(A)



Unifying —, V, and I1

(tm-kind) U = Set | TTo:U,.U,
(tm-types) T = o | [1x:T,.T, | o:U.T | AaaU.T | T(T,)
(terms)  t:u= x| Tt | 1,(t) | Ut | +(T)

(prop-kind) K ::= Prop | Tp:K.K, | TIx:T.K

p| Nz:ALA, | AXx:T.A | A()
| TIxTA| p| Op:KA | Ap:KA | A(A,)

(formulas) A :

(prf-terms) e = z | Az:Ae |ee, | x:Te |e(t)
| Ap:Ke |e(A)




Seal the top universe

(tm-knd-scm) wu::
(tm-kind) U =
(tm-types) T :

(terms) T

Type’
Set

| HO(:UI.UZ

o I Hx:Tl'TZ | H(},:UT I KQ:UT | TI(TZ)

X | Tt | 14(1,) | Lo:U.T | 1(T)

(prf-terms) e

(p-knd-scm)  w

(prop-kind) K ::i= Prop | TIp:K;K, | Tx:T.K

(formulas) A = p|zALA, | WXT.A | A(Y)

Type

| TIx:T.A| p | TIp:K.A | Ap:KA | Ai(A))

z | rz:Ae |ee, | x:Te |e(t)
| Ap:Ke |e(A)




The big merge

(tm,p-knd-scm) u, w :

Type' | Type

(tm,p-kind) U, K :

Set | TMo:U,.U,
| Prop | TIp:K..K, | TIx:T.K

(tm-types,form) T, A= o [ TIx: T, T, | TovU.T | 2ocU.T | Ty(T)

| p | Iz AL A, | A T.A | A(Y)
| TIx:T.A| p | Ip:K.A | Ap:KA | A(A))

(terms prf-tm) t,e = x| Tt | t(f,) | rocUt | (T
z

| Xz:Ae |ee, | x:Te |e(t)

|
| rp:Ke |e(A)



(knd-scm)
(kind)

(type)

(term)

K = Prop | TTp:K,.K, | TIx:A.K

Calculus of constructions

u= Type With two

sorts:

Az p | TIx:ALA, | TIp:K.A Type
| Ap:KA | Ay(AL)
| Ax:ALA, | Ale) Prop

e =X Four IT's:
| Ax:A.e | ee, (Prop.Prop)

(Prop, Type)
(Type,Prop)

(Type, Type)

| Ap:Kee | e(A)




Pure type systems

(ptm) Tu=s| x| Ix:T.T,
| AX: T T, | T,(T,)
e To rule out ill-formed terms, we
define what are well-formed IT's
e A set of sorts, e.g., Type, Prop

e A set of rules (s;,5,,55): if T has
sort s;, and T, has sort s,, then
[1x:T.. T, has sort s;

e Write (s4,5,) to mean (s,,5,,5,)

CC with two
sorts:

Type

Prop

Four IT's:
(Prop,Prop)
(Prop, Type)
(Type,Prop)
(Type. Type)




CC with four sorts

(ptm) Tuzs| x| Ix:T.T,
| AT T, | Ty(T)

Sixteen II's:
(Set,Set), (Type',Set), (Type', Type')

(Prop,Prop), (Type,Prop), (Type, Type),
(Set, Type), (Set, Prop)

(Set,Type'), (Prop, Type) ), (Prop,Set), (Prop, Type’)
(Type', Type), (Type',Prop), (Type, Set), (Type, Type')

CC with four
sorts:

Type Type’

Prop  Set




CC with three sorts

CC with three
(ptm) Tiu=s | x| Ix:T,. T, sorts:
| AT T, | Ty(T) Type
Nine IT's: Prop Set
(Set,Set), (Type,Set), (Type, Type),

(Prop,Prop), (Type,Prop)
(Set, Type), (Set,Prop)

(Prop,Set), (Prop, Type)




CC with infinite number of universes

(ptm) Tuzs| x| Ix:T.T,
| AT T, | Ty(T)

Infinitely many IT's:
(Set,Set), (TypeI,Set)

(Prop,Prop), (TypeI,Prop)
(Set, TypeI), (Set,Prop)

(Prop,Set), (Prop, TypeI)

(TypeI, TypeJ, TypeK) where I<K and J<K

CC with many
sorts:

TypeN
TYTe 1
TypeO

/ \

Prop Set




Adding inductive definitions

(tm-knd-scm) wu::

Type’
(tm-kind) U ::

Set | Ma:U.U,
(tm-types) T :

(01 I Hx:Tl.Tz | H(},:UT | }LG:UT | TI(TZ) I Ind(a:U)(Tl,...,Tn)
(terms) tous x| ATt | +(f) | datUt | #(T)

(p-knd-scm) w = Type

| Ctor(i,T)

(prop-kind) K ::= Prop | TIp:Ky.K, | TIx:T.K

(formulas) A= p |z ALA, | AxiT.A | A(Y)
| TIx:T.A| p|Tp:KA | Ap:KA | Ai(AR)|l Ind(p:K)(A4,...A,)

(prf-terms) e = z | Az:Ae |eee, | Ax:Te | e(t)

| Ctor(i,A)
| rp:Ke |e(A)




CC with inductive definitions

u = Type With two
sorts:

(knd-scm)
(kind) K = Prop | TTp:K,.K, | TIx:A.K

(type) Auzp | Ix:ALA, | TIp:K.A Type
| Ap:K.A | A(A))
| Wx:ALA, | A(e) | Ind(p:K)(Ay,..,A,) Prop
(term) e =X Four IT's:
| Ax:A.e |€1€2 (Prop,Prop)
| rp:K.e | e(A) | Ctor(i,A) (Prop, Type)

(Type,Prop)
(Type, Type)




Inductive definitions: syntactic sugar

Inductive I : K = C,: A

represents:

I = Ind(p:K)([p/I]A,..,[I/plA,)

¢, = Ctor(l,I)

C, = Ctor(2,I) CiC. qls:o adds CASE an'c'i
primitive recursion "FIX

C

. = Ctor(n, I)
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